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Abstract The decentrdlized stabilization of continuous and discrete linear large scale
systems with symmetric circulant structure was studied . A few sufficient conditions on
decentradlized stabilization of such systems were proposed. For the continuous systems, by
introducing a concept called the magnitude of interconnected structure, a very important
property that the decentralized stabilization of such systems is fully determined by the
structure of each isolated subsystem that is obtained when the magnitude of interconnected
structure of the overdll system is given . So the decentralized stabilization of such systems can
be got by only appropriately designin g or modifying the structure of each isolated subsystem,
no matter how complicated the interconnected structure of the overall system is . A algorithm
for obtaining decentralized state feedbadk to stabilize the overdll system is given. The
discrete systems were dlso discussed . The results show that there is a great dfference on
decentradlized stabilization between continuous case and discrete case .
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Introduction

The problem of stabilizing the overall linear large scale system by employing a decentralized
state feedback control for each subsystems has received much attention in the past two decades
because it is very important in theory and application. Generally speaking, in spite of the
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controllable and observable hypothesis, it is not always possible to find the decentralized control
law with the desired stabilizing property. Therefore it is necessary to make some additional
conditions about the interconnection matrix, and many results were given! ' 9 .

In this paper, we study a class of linear large scale systems with symmetric circulant
structure, which have been studied in several papers!’™® . Such systens are very common in
practice including paper machines, distribution networks, and systems consisting of units
operating in parallel. By using the concept called the magnitude of interconnected structure, we
establish some sufficient conditions to assure the decentralized stabilization of such systems. For
the continuows systenms, the results obtained show that the decentralized stabilization of such
systems is fully determined by the structure (4, B) of each isolated subsystem when the
magnitude of interconnected structure of the overall system is given, no matter how complicated
the interconnected structure is. We also discuss the discrete systems, the results show that there is
a great difference on decentralized stabilization between continuous case and discrete case.

This paper is organized as follows. In Section 1, the model of large scale systems with
symmetric circulant structure is given. Sections 2 and 3 are devoted to discussing the properties of
decentralized stabilization of such systems for continuows case and discrete case, respectively.
Two illustrative examples are given in Section 4.

1 Problem Formulation

First we give the definition of block symmetric circulant matrix.
Definition 1.1 A matrix H € RV ™ is called block circulant if H has the following

structure.

f]1 H2 HN
H= |V M )
I{2 H3 Hl

where H, € R™? (i =1,2,3, --» N). Mareover, if H;= Hy ;,(i =23, - N), then the

matrix H is called block symmetric circulant, which is denoted by scll Hy Hy -+ Hy] .
Let m; = (1, vjs v}, =5 VDY, j=1,2, -+ N, where v;= expl xG—1 J—1)/N -

G = 1,23 - N) i.e., v is the jth root of the equation Vo= 1. Let Ry =

LI: Fis Vo “°t r]\ZI with ry— m; — [1’ 19 R) 1] Ty VAQLFI — m%l_pl if N is an even Ilumbery

/N
J=1 N+1

1 1
rsz—E(mp+ mN+%p>, rN+}p= JE (mp*m;w%p%p:l 39 ) ls where [ = 2

if Nis odd and [ = gifNis even.

Lemma 1.1'* % The matrix Ry is a real orthogonal matrix, and satisfies
E,'= E}. @)
where E;, = Ry ®Ik, @) denotes the Kronecker product, and I, denotes the k£ X k identity
matrix, E} denotes the transposition of Ej .
Lemma 1.2(%9  Let H=sd[ Hy, Hy -+~ Hy| with H, € R"?(i=1,2, -~ N), and
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H, = E,HE, Then H,=block diag{Hdl9 H;, - HdN} is a block diagonal matrix with
H,=H, (i=23 1. Moreover, H;and H, satisfy

H, H,
H H H,

= (JNF, @r,)" 7. 2= ﬁFNUXHm) o, 3)
H,) | H, '

where F}, = ﬁ[ m, m,---ny .
Let > be a dynamic linear time-invariant system defined by N interconnected subs ystems >,
i= 1,2, ---N. For the continuous case
N
() = Ax,(D+ Bu(H)+ > Dyx (1),
E:i: Ll (4)
yl(t): Cxl(t> (l: 1,2, - N)s

and for the discrete case

x;(k+1)= Ax;(k) + Bu,(k) + i; D, x;(k),

g

JmhA 6))
yi(k) = Cx;(k) (Gd=1,2 -4 N),
where in both models, 4 € R*", B € R”",CE€ R*", Dy € R""(i #j= 1,2 -+ N)
are constant matrices and x; € R", u; € R™, y; € R"represent the state, input and output of the
subsystem >, respectively.

Let x = (x}, X3 = xXy)s y= Pl =y u= Cuis u - upy)'s 4 = block
diag(A4, A, --» A), B=block diag(B, B, -+ B), C = block diag(C, C, -+, C), and D=
(D) € R Nnwith D; =0 (i=1,2, -, N). Employ a decentralized state feedback control
for each subsystems

u, ()= K, x;,(t) (for the continuous case)(i= 1,2, - N), 6)
u, (k)= K,x;(k) (for the discrete case )(i = 1,2, - N), @)
where K; € R™ " is the matrix of decentralized gain, i = 1,2, --+ N.
From Egs. (4) ~ (7) we can write the clsed-loop overall system as
x(t)= A4+ BK+ D)x(1), )
y() = Cx(t)
for the continuows case and
x(k+1) = (4+ BK+ D)x (k),
y (k)= Cx (k)
for the discrete case. Where in both Eq. (8) and Eq. (9), K= block diag (K;, K» - Ky).

Definition 1.2 The system (4) (or the system (5)) is called a continuous (or discrete)

linear large scale system with symmetric circulant structure if the interconnection matrix D =

C))

(D;) is block symmetric circulant, i.e., D = scl[ 0. Dy, -+ Dy .

The system described in definition 1.2 has two properties: one is that all the isolated
subsystems have the same structure as (4, B, C), the other is that the interconnection matrix D
is block symmetric circulant.
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Definition 1.3 The continuows system (4 ) C(or discrete system (5)) is called
decentralized stabilization if there exists a decentralized state feedback control (6) Cor (7)) for
each subsystems 2 such that the closed-loop overall system (8) (or (9)) is asymptotically
stable.

Our general goal is to reveal some fundamental properties of the decentralized stabilization
about continuous and discrete linear large scale systems with symmetric circulant structure. In
following discussion we always assume that the interconnection matix D =
scl 0 Dy - Dyl (4, B)is completely controllable and (A, €)is completely observable, it
follows that for all 3> 0, the matrix Ricatti equations

A"P+ PA— PBB'P+ fI,= 0 (for the continuows case) 10
and

P= A"PA— A"PB(I,+ B'PB) 'B"PA+ I, (for the discrete case) an
exist a unique solution P respectively which is s ymmetric and positive definite (denoted by P> 0).

Let P = block diag(P, P, ---, P), then from Egs. (10) and (11) we have

A"P+PA— PBB'P+ PlI,, = 0 (for the continuous case ) (12)
and

P= A"PA— A"PB (I, + B"PB) 'B"PA+ PI,, (for the discrete case).  (13)
Furthermore, from Lemma 1.1 and Lemma 1. 2, we can easily get the following results:

A, EE;gEn = A = block diag(A4, A4, ---, A),

B, “ E,'BE,, = B = block diag(B. B, -~ B),

C, = E,'CE, = C= block diag(C. C, - C), (14)
D,~ E,'DE, = block diag(Dy. Dys Dy s

P,~ E,'PE,— P = block diag(P. P, - P).
where D, = Dy (i= 2,3, -+ D.

Moreover, we denote A, (P) and A, (P) as the maximum and minimum eigenvalue of
the symmetric matrix P, respectively. Let |l ° |l denote the 2nam. i.e.., Al =

(A (A7 A2,

Definition 1.4 Let (D) = A, (D'D). We call °P(D) the magnitude of
interconnected structure for both systems (4) and (5).

Lemma 1.3 (D)= IID,|I?= max. D, 112

=is

Proof
max I D, 12 = glg;;vkm(D}}iDdi) = Ao (DD =

Ao (CE,'D"E, E,'DE,) = X, (E,'D"DE,) =
A (D'D)= r(D).

I=i=
max

The proof is completed.

2 The Properties of Decentralized Stabilization for the Continuous systems

We first consider the continuous linear system (8). Our main result is stated in the following
theorem .
Theorem 2.1 Let 3 be a pesitive scalar, P be the wnique symmetric and positive definite
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solution of the continuous Ricatti equation (10). If
B> P>+ 0(D), as
then the decentralized gain matrices
u;(t) =— B"Px;(t) G=12 -+ N) (16)
guarantee the asymptotic stability of the closed-loop overall system (8).
Proof Substitution of Eq. (16) into Eq. (8) yields the closed-loop overall system
x(t)= (4— BB'P+ D)x(1). Aan
We choose v(x) = x"Px as a valid Liapunov function for the system (17). Taking its time
derivative along the solution of Eq. (17) and by wing Eqgs. (12) and (14), we have
v(x) = x"(A4"P+ PA—2PBB'"P+ D'P+ PD)x =
x"(— BI,, — PBB"P + D"P+ PD)x <
x"'(— By, + D'"P+PD)x =
x'E,— BIy,+ E,'D"EE,'PE,+ E,'PE,E,'DE,) E,x =
— 2 Bly— Dby~ PiD)z =
— @Iy, + (P,— D) (P,— D,)— P2— D' D)z <
—2"(Bly,— Py— DiD,)z
where 7z = E ,'x. It is obvious that x 7 0if and only if z 7 0. Now condition (15) together with
Eq. (14) and Lemma 1. 3 implies (3Iy, — P3— D% D,) > 0. Hence we have v (x) < 0 for
x 7Z0and v (x) = 0, which assures the asymptotic stability of the closed-loop overall system
(17) by employing the decentralized gain matrices K; =— B™P, i = 1,2, --» N. The proof is
completed.

In order to test the condition (15), we should calculate (D), which may involve a very
difficult numerical calculation. In practice if we can formerly choose a positive scalar ©=> 0 such
that (D) << 0, and take € instead of (D) in the condition (15), the result of Theorem 2. 1
also holds.

Corollary 2. 1 Let 6> 0 be a positive scalar such that °(D) << C, P be the wique
symmetric and positive definite solution of the continuous Ricatti equation (10). If

B> llPlI*+p, (18
then the decentralized gain matrices (16) guarantee the asymptotic stability of the closed-loop
overall system (8).

Remarks We are now in the position to make several observations concerning the results established
so far.

1) The magnitude P (D) or the upper bound © of P(D) can be determined beforehand according to the
interconnected structure of the overall system. The Ricatti equation (10) shows that the relationship between
Band P is fully determined by the structure (A, B) of each isolated subsystem. Those mean in practice we
can get the property of the decentralized stabilization for the linear systems (4) by only appropriately
designing or modifying (A, B) to satisfy the condition (15) or (18), no matter how complicated the
overall interconnected structure D is. It is impossible to do that for the general interconnected systems.

2) Because in Eq. (16) the decentralized gain matrices K; (i = 1,2, -+ N) for all isolated subsystems
are the same, in practice we can first design or modify (A4, B) to satisfy the condition (15) or (18) for a
special isolated system, then copy it to the rest. We must note that from the proof of Theorem 2. 1 we see
that the same structure (A, B) for every isolated subsystems is necessary.
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3) To choose { satisfying the condition (15) or (18) is difficult because in the Ricatti equation (10)
the relationship between the scalar 3 and the matrix P is nonlinear. Generally speaking, the larger 3 is, the
easier to satisfy condition (15) or (18) but the higher decentralized gain will be. So under condition (15)
or (18) we should choose the positive scalar [3 as small as possible in practice.

Based on the foregoing relations, the stabilization of the continuows linear large scale
systems with symmetric circulant structure by means of decentralized state feedback control law
(6) can be performed by the following algorithm:.

Step1 Calculate (D) o estimate an upper bound  for the °(D);

Step 2 Give 3 a positive initial value, substitute it into Eq. (10) and solve for P;

Step3 Verify whether the condition (15) or (18) holds. If yes, then turn to Step 6, and
otherwise, to Step 4;

Step4 Enlarge 3 in the way of Remark 3), and tum to Step 2;

Step 5 If the condition (15) or (18) does not hold for sufficiently large 3 (for example
B = M, where M is a bound given formerly ), we appropriately modify some parameters of
(A, B) in the way of Remarks 1) and 2), then tum to Step 2;

Step 6 Take the decentralized state feedback control law in the following:

w (1) =— B"Px,;(t) (i=1,2 - N).

In Theorem 2. 1, the existence of the positive parameter {3 satisfying the condition (15) or
(18) is essential for obtaining the decentralized gains (16). However, in general, it is not
always possible to find the decentralized gains K;(i= 1,2, --5 N) which will stabilize the overall
system (8).

Let us now consider a typical case where all the interconnection matrices D; (i = 2, 3, -+,
N) can be factored as

D,= BLC
L= Lyip; € R™
which is the special case to Theorem 2. 1. Let L = scl[09 Ly Ly - L;\£| , then we have

L, = E,'LE, = block diag(Ly+ Lys - Ly )» (20)
Whel'e Ld‘ — Ld1\+%1<i: 27 37 ) l).
Theorem 2. 2 Under the hypothesis (19), the overall continuous systtm (8) is
stabilizable by means of a local state feedback control (6), where the decentralized gain matrix
K; is determined by

(i=123 -4 N) (19)

A"P+ PA— PBB'P+ BC'C =0,
K,=— B'P (=124 N).
Here (3 is a positive scalar satisfies

Q2D

B> max “Ld,. 112, (22)
Proof Due to Eq. (19) we have D = BLC. Following the similar argument in Theorem
2.1, we can choose v(x) = x'Px as a valid Liapunov function for the system (17). Taking its
time derivative along the solution of the system (17) and by wing Eq. (22) we obtain
v(x)=x"(—BC"'C—PBB"P+ C'L"B"P+ PBLC)x =
x'—pc'c— UACc—B"P)'(LC—B'"P)+ C'L'LC)x.
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Define G = LC— B'P, z(t) = E,'y(¢), where y(t) = Cx (1), then
vix)=—y" @I, — L"L)y—x"G"Gx =

—y'E.(BIy,— E,'L"E,E,'LE)E,'y— x"G" Gx =

— ' By — LYWLz — x" G Gx <

— 2 BIy— LYz, (23)
Now due to Eq. (22), BIy— LY.L, 0, so we have v (x) <0, which proves the stability of the
overall continuous system (17). To prove the asymptotic stability, it is sufficient to remember
that the solution of Eq. (17) is x (1) = exp, (4 — BG)t/x,far arbitrary x (0) = x, 7 0, it
follows that a x, 7 0 such that v(x(#)) =0, V¢ = 0 cannot exist becawse in this case
otherwise, by wing Eq. (23), we would have

x"G"Gx =0
ST BL,— LWLz = 0 (Y= 0, (24)
which implies that
CexpAt)xo=0 (Ytr=0.

However, this contradicts the observability of the pair (A4, C). Hence, the proof is completed.

3 The Properties of Decentralized Stabilization for the Discrete Systems

Now we consider the discrete linear system (5) or (9). Our purpose in this section is to
generalize the previows results to the discrete case. Using similar argument as in the continuous
case, we can get the following main results.

Theorem 3.1 Let 3 be a positive scalar, P be the unique symmetric and pesitive definite
solution of the discrete Ricatti equation (11). If

Bl,—A'PA— D, 2P+ PBB'P)D;> 0  (i= 1,2 - N), (25
then decentralized state feedback
u;, (k) =— I, + B"PB) 'B"PAx; (k) Gd=12 - N) (26)
guarantee the asymptotic stability of the closed-loop overall system (9).
If all the interconnection matrices D; (i = 2,3, -+, N) in the discrete system (5) can be

factared as Eq. (19), we have

Theorem 3.2 Given the hypothesis (19), if there exists a positive scalar  such that the

wique symmetric and pesitive definite solution P of the discrete Ricatti equation (11) satisfies

BL— L% (L,+ B'PB)L,™> 0  (i= 1,2, -+ N), QD
then the overall discrete system (5) is stabilizable by means of a local state feedback control
(26).

Now we can summarize the properties of decentralized stabilization for the discrete linear
large scale systems with symmetric circulant structure according to the continuous case.

1) Becawse the condition (25) is related to the overall interconnected matrix D (not
(D)), generally we can’ t get the decentralized stabilization only by designing ar modifying the
isolated structure (A, B) even the overall interconnected structure magnitude €(D) is given,
which is very different from the continuous case.

2) The system with symmetric circulant structure described by condition (19) can always be
stabilized by a decentralized state feedback control (6) for the continuows case, but it does not
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hold far the discrete case.

3) Remarks 1) and 2) show that there exists a great difference on the properties of
decentralized stabilization between continuous case and discrete case. Generally speaking, the
latter is more complicated than the former. We must notice it in practice.

4 Example Analysis

Example 1 Consider a class of continuows linear large scale systems with symmetric
circulant structure

J

j=L (28)
y,(l‘)ZCxl(ﬁ (i:1920"'9N)9
where > 0, BB' = I, D= (D;) is block symmetric circulant. In this case the continuous

Ricatti equation (10) can be simplified &
PP+2P—BI1,= 0. 29

The wnique symmetric and positive definite solution P of Eq. (29) is P= (,/ 8 +B— dI,. By

computing directly, we obtain that the condition (15) will hold when [ satisfies

e(D)

1+—=~

B> { 15 o(D). G0
For all given 0> 0 and block symmetric circulant interconnected matrix D, we can always

choose a sufficient positive scalar {3 satisfying the condition (30). Hence, the overall continuous

system (28) is always stabilizable by mears of a local state feedback control law given by
ui(t) :_(,} @_’_B_ 8)BT.xl([) (l: 1929 R N)?

where positive scalar {3 satisfies the condition (30).
Example 2 Comsider a continuous linear system with symmetric circulant structure, where

x; ()= &)+ Bu (t)+ ﬁ,D,—jx-(t%

the overall system consists of V linearly interconnected 2-dimension subsystems, described by

o1 0
x,-(t)[o (Jx,»(z)—i—H u,-(t)vLFZ;ﬂDjx,(t), Gl

yi(t)= Cx;(0) (=12 - N).
By computing directly, VB> 0. the unique symmetric and positive definite solution P of the

Ricatti equation
[(1) 0 P+P[8 (l)]P[?] o U P+BRL=0

P:

le+3p B ]
B JB+2/B

It s easy to test that B<C I P 1% so for system (31), the condition (15) in Thearem 2. 1
cannot hold for arbitrary positive scalar 3> 0. In order to assure the decentralized stabilization of
the system (31), we slightly modify the structure (4, B) into (A4, B) for each subsystems,

where
3 e[
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where « > (is the positive scalar to be determined. Taking 3 = o, then we have
0 0 0 o 0(;| .
[a O]P+P[O 0} P[J_ [0 Jo P+ al,= 0.

The unique symmetric and positive definite solution P of the last Ricatti equation is

=1
13

By computing directly, we have I[P II2 = 7.464 1, hence according to Theorem 2. 1, the
modified system is decentralized stabilization for arbitrary interconnected matrix D if we take 3 =
a>> 7.464 1+ 0(D).

It must be noted that the way of choosing parameters « and £ is not unique. For example,
we can chocse them in the following: first let B = Ya, then for each given 7, the Ricatti equation

1
[(1) ﬂ P+P[8 O]—Pm [0 P+ Y,=0

provides ws a unique symmetric and positive definite solution P, . Finally we take 3=> |l P, |2+

O(D), a = [/ Y. The following table gives the relationship among a, 3 and 7 for (D) = 1.

Table1
Y P II2 B a
0.25 1.991 8 2.9918 11.967 2
0.5 3.6730 4.6730 9.346
1 7.464 1 8. 464 1 8.464 1
2 17.124 7 18. 1247 9.062 4
4 44.784 2 45.7842 11.446 1

From the above table, we can see that the larger the ¥, the larger the B and the || P Il. On
the other hand, the larger the 7, the smaller the o. Hence in practice, we can obtain a group of
suitable values of 3, Il P Il and a by adjusting 7.

5 Conclusion

We have studied the decentralized stabilization of the continuous and discrete linear large
scale systems with symmetric circulant structure. For the continuous case the results obtained in
the paper provide us a practical way of decentralized stabilization by only appropriately designing
or modifying the structure (A, B) of each isolated subsystems, no matter how complicated the
overall interconnected structure D is. Unfortunately, it does not suit the discrete case. Therefore
it is necessary to develop the theory of decentralized stabilization further for the discrete linear
interconnected systens.
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